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Abstract | A space-time adaptive processing (STAP) algo-
rithm for delay tr acking and acquisition of the GPS signatur e
sequence with interfer ence rejection capability is developed. The
interfer ence can consist of both broadband and narr owband jam-
mers. The narr owband jammers are modeled as vector autor e-
gressive (VAR) processes and rejected by temporal whitening.
The spatial nul ling is implicitly achieved by estimating a sam-
ple covarianc e matrix and feeding its inverse into the extended
Kalman ¯lter (EKF). Computer simulations demonstrate robust
performanc e of the algorithm in severe jamming, and also show
that the algorithm outperforms the conventional delay-locked
loop (DLL).

I. In tro duction

It is well known that RF interferencescan severely
impair synchronization performance of the GPS re-
ceiver [1]. To deal with challenging multiple jammer
scenarios, sophisticated signal processing algorithms
may be necessary. While narrowband interferencecan
be e®ectively mitigated using temporal ¯ltering, wide-
band interferencemust be addressedby taking advan-
tage of the spatial dimension using adaptive antenna
array techniques.

Previouswork on interferencenulling basedon STAP
in GPS receivers includes [2], [3], [4]. Assuming that
the direction of arrival of the GPS signal can be ob-
tained from an INS [1], beam and null steering tech-
niqueshave beendeveloped using criteria such asmax-
imum signal-to-interference ratio [3], minimum mean
squareerror [3], and minimum output power [4]. How-
ever, speci¯c results on synchronization performance
and the integrated designof code sychronization algo-
rithms with space-time processinghave not been ex-
tensively addressedin the literature.

In this paper, a tracking and acquisition algorithm
for the GPS C/A code delay using space-timeprocess-
ing is developed. Instead of pre-processingthe samples
of the received signal with a space-timeprocessorand
feeding the output to a conventional synchronization
algorithm (e.g. a tracking loop), we consider the use
of the EKF to obtain an optimal estimate of the code
delay directly from the antenna output vectors. The
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algorithm can also provide estimatesof the °at fading
channel, narrowband jammer parameters,and in some
cases,even the direction of arrival of the GPS signal.

The narrowband jammers are modeled as vector au-
toregressive (VAR) processesand ¯ltered temporally.
The autoregressive parametric model of interference
has been used in radar signal processing[5]. Here, it
is shown that exact temporal whitening can actually
be achieved under certain conditions. For practical im-
plementation, it is alsoshown that the VAR coe±cient
matrices need only be scaled identit y matrices, thus
greatly reducing computational complexity.

To spatially whiten the wideband jammers and the
residual narrowband jammer power, we compute a
moving-averageestimateof the residualcorrelation ma-
trix and feed its inverseinto the EKF.

I I. Signal Mo del

The GPS C/A code signal can be modeled as

s(t) = Ref
p

2Psd(t)PN (t) exp(j 2¼f ct)g; (1)

where Ps is the transmitted signal power, d(t) 2
f¡ 1; 1g is the BPSK data modulation at 50 bps, and
f c is the L1 carrier frequencyof 1575.42MHz [1]. The
pseudorandomnoise(PRN) waveform PN (t) is de¯ned
by

PN (t) =
1X

m = ¡1

L ca ¡ 1X

k=0

ck pTc (t ¡ kTc ¡ mTca ) (2)

where L ca = 1023 is the length of the C/A code in
chips, Tca = 10¡ 3 is the period of the C/A PRN se-
quencegiven in seconds,Tc = Tca=Lca is the chip dura-
tion, and ck 2 f¡ 1; 1g is the C/A code sequence.The
pulse function PTc (t) satis¯es PTc (t) = 1, t 2 [0; Tc),
and zero otherwise.

The GPS signal is assumed to be transmitted
through a °at fading channel and corrupted by K jam-
mers. After the signal is downconverted and lowpass
¯ltered, we can represent the sampled received signal



vector from the antenna array by

r (n) = a0(n)as(n)d(nTs ¡ ¿(n))PN l p(nTs ¡ ¿(n))

+
KX

k=1

aj k (n)j k (n) + n(n):

(3)

Here, the Nyquist sampling interval Ts is equal to Tc=4
corresponding to the approximate bandwidth of the
C/A code signal of 2=Tc. ¿(n) is the time delay, j k (n)
is the k-th jamming signal with power Pj k , n(n) is ad-
ditiv e white complex Gaussian noise with covariance
¾2

n I , and a0(n) is the fading channel coe±cient with
averagepower P. The time-varying fading channel co-
e±cients are modeled as Rician with Rice factor K 0

and Doppler spreadf d Hz. as(n) is the steering vector
for the desired GPS signal and aj k (n) is the steering
vector for the k-th jammer. Note also that PN (t) in
(1) is replaced by PN l p(t), which is the ideal lowpass
¯ltered version of the PRN waveform, with the cuto®
frequency 2=Tc [6]. The signal-to-noiseratio (SNR) in
dB after coherent reception is de¯ned by

SNR = 10log10
P

¾2
n =2

; (4)

and the jammer-to-signal power ratio, J=S, for the k-th
jammer is given by

J=S = 10log10
Pj k

P
: (5)

I I I. Temp oral Whitener Theorems

When the jammers are narrowband, the jamming
vector can be whitened using a VAR whitening ¯lter
given by [5]

H(z¡ 1) = I ¡
LX

l =1

H l z¡ l : (6)

The following theorem shows that we can ¯nd the
vector AR coe±cients matrices H l that achieve exact
whitening when the individual jammers are AR pro-
cessesof order lessthan or equal to L and the number
of jammers K is less than or equal to the number of
antenna array elements M .

Theorem 1: Assume that each jammer can be de-
scribed by an AR( L) processgiven by

j k (n) =
LX

l =1

µk ;l j k (n ¡ l ) + ek (n); k = 1; 2; ¢¢¢; K ; (7)

where µk ;l is the associated AR coe±cient and ek (n)
is an i.i.d. white process. Then the jammer vector
de¯ned by

j (n) =
KX

k=1

aj k j k (n) (8)

with the M -by-1 steering vector for the k-th jammer
aj k can be exactly whitened by the whitening ¯lter
given by (6), provided that M ¸ K , and the aj k are
linearly independent.
Proof: From (7) and (8), j (n) can be rewritten as

j (n) = A
LX

l =1

diag(µ1;l ; ¢¢¢; µK ;l )~j (n ¡ l ) + A ~e(n); (9)

where

A , [aj 1 (n) aj 2 (n) ¢¢¢ aj K (n)] (10)
~j (n) , [j 1(n) j 2(n) ¢¢¢ j K (n)]T (11)

~e(n) , [e1(n) e2(n) ¢¢¢ eK (n)]T : (12)

This can be rewritten as

j (n) = A
LX

l =1

diag(µ1;l ; ¢¢¢; µK ;l )

(A H A )¡ 1A H A~j (n ¡ l) + A ~e(n):

(13)

SinceA~j (n) = j (n), it follows that

j (n) =
LX

l =1

H l j (n ¡ l ) + A ~e(n); (14)

where A ~e(n) is temporally white and H l is identi¯ed
as

H l = A diag(µ1;l ; ¢¢¢; µK ;l )(A H A )¡ 1A H : ¥ (15)

The vector AR coe±cients H l can be estimated by
the least squareerror criterion [5] and the correspond-
ing RLS algorithm can also be derived. However, in
practice, estimation of LM 2 parameters is cumber-
some, leading to much distortion in the desired sig-
nal. A practically viable approach is to assumethat
the \sum" of the jamming signals is autoregressive, as
delineated in the following theorem.

Theorem 2: Assume that the individual jammers
j k (n) are zero-mean,wide-sensestationary and uncor-
related with each other. If the sum of the jamming
signalsde¯ned by

j (n) =
KX

k=1

j k (n) (16)

can be modeled by an AR( L) process,i.e.,

j (n) =
LX

l =1

Ál j (n ¡ l ) + e(n); (17)

wheree(n) is a white random processwith variance¾2
e ,

then each (scalar) element of the jammer vector j (n)



can be exactly whitened by the whitening ¯lter given
by (6), where the vector AR matrices H l are given by
Ál I , with I denoting the identit y matrix.

Theorem 2 can be easily proved by computing the
autocorrelation matrix R e(n; m) = Ef e(n)e(m)H g,
where e(n) is the whitening ¯lter output. The vector
e(n) is not temporally white as the o®-diagonal ele-
ments of R e(n; m) are generally nonzero for m 6= n.
However, by approximating e(n) as white, a more sta-
ble algorithm results, sinceonly L parametershave to
be estimated, as opposedto LM 2.

It should be noted that after applying Theorem 1,
an exact analogy to the CDMA problem can be estab-
lished if we think of the residual whitening ¯lter output
as multiuser interferencewith aj k being the interfering
user's code sequence. Hence, we can apply a variety
of multiuser detection-type methods that have already
beendeveloped. [7]

The jammer AR coe±cients f Ál g can be e®ec-
tiv ely estimated jointly with other parameters includ-
ing the time delay using Kalman ¯lter-t ype algorithms.
Slightly modifying the assumption (17) and modeling
the sumof the jamming signaland additiv ewhite Gaus-
sian noiseas an AR( L) process,we have

j (n) + n(n) =
LX

l =1

Ál [j (n ¡ l ) + n(n ¡ l)] + e(n); (18)

where we assumee(n) to be temporally white.

IV. EKF-Based Tracking

To develop an EKF-based tracking algorithm, a dy-
namic model for the parameters to be estimated has
to be assumed. Since the time delay ¿(n) is gener-
ally a nonzero-meanrandom process,it is reasonable
to model it as a sum of a zero-meanMarkov process
and a constant process,both of which are estimated by
the EKF [8]. That is,

¿(n) = ¿m (n) + ¿c(n)

¿m (n) = f ¿¿m (n ¡ 1) + v¿(n ¡ 1) (19)

¿c(n) = ¿c(n ¡ 1);

where v¿(n) is a zero-mean white Gaussian random
processwith variance ¾2

¿. f ¿ sets the time-variation
of the jitter process¿m (n) and ¾2

¿ accounts for its vari-
ance. Theseparametersdepend on various factors such
as the quality of the oscillator used and the relative
motion of the receiver and the spacevehicle (SV), and
thus are determined empirically. The constant process
¿c(n) can alternativ ely be viewed as an extremely nar-
rowband AR processthat accommodatesthe long term
motion of the platform. Note that this model is di®er-
ent from the simple ¯rst-order AR model widely used

for the delay processin the literature in that the sum
of a constant and an AR processis in fact an ARMA
process[6].

Similar reasoningmay hold for the Rician modeled
fading channel. First, a lump parameter a(n) is de¯ned
to be the product of the fading channel a0(n) and the
data modulation d(nTs). Suppose for the time being
the data modulation is turned o®, i.e., d(nTs) = 1 for
all n. The decomposition of a(n) into am (n) and ac(n)
yields

a(n) = am (n) + ac(n)

am (n) = f aam (n ¡ 1) + va(n ¡ 1) (20)

ac(n) = ac(n ¡ 1);

where f a and the variance ¾2
a of the zero-meanwhite

Gaussian process va(n) are determined so that the
power spectrum of the fading processcloselyresembles
that of a realistic fading channel with the given Rice
factor and Doppler spread. It is also straightforward
to extend the model to a higher-order AR model [9].

The AR parametersfor the narrowband jammersare
modeled as zero-mean¯rst order AR processes.

Ál (n) = f ÁÁl (n ¡ 1) + vÁl (n ¡ 1); l = 1; ¢¢¢; L (21)

where f Á and ¾2
Á, the variance of the white Gaussian

processvÁl (n), are determined by the dynamics of the
parameters.

One can rely on external information such as al-
manac and/or an inertial navigation system (INS) to
get an estimate of the steering vector for the desired
signal as(n), or alternativ ely, use the proposed algo-
rithm to directly estimate it. In the latter case, the
model

ai
s(n) = f as ai

s(n ¡ 1) + vas (n ¡ 1); i = 2; ¢¢¢; M (22)

can be used,where ai
s(n) is the i -th component of the

vector as(n) and vas (n) has the variance¾2
as

. The ¯rst
element of as(n) is not estimated as it is assumedto
correspond to the referenceantenna element and thus
a1

s(n) is ¯xed at 1.
Thesemodelscan be combined in the plant equation

x(n) = F(n ¡ 1)x(n ¡ 1) + v(n ¡ 1); (23)

where the state vector x(n) 2 C4+ L + M ¡ 1 is given by

x(n) = [¿m (n); ¿c(n); am (n); ac(n); Á1(n); Á2(n);

¢¢¢; ÁL (n); a2
s(n); a3

s(n); ¢¢¢; aM
s (n)]T

(24)

the transition matrix F(n) is given by

F = diagf f ¿; 1; f a ; 1; f Á; ¢¢¢; f Á| {z }
L

; f as ; ¢¢¢; f as| {z }
M ¡ 1

g;

(25)



and the zero-meanwhite Gaussian noise vector v (n)
has the covariance matrix given by

Q(n) =diag f ¾2
¿; 0; ¾2

a(n); 0;

¾2
Á; ¢¢¢; ¾2

Á| {z }
L

; ¾2
as

; ¢¢¢; ¾2
as| {z }

M ¡ 1

g: (26)

The measurement model can be identi¯ed from (3)
and (18) as r (n) 2 CM

r (n) = h(x(n); r L ) + e(n) (27)

= a(n)as(n)PN l p(nTs ¡ ¿(n))

+
LX

l =1

Ál (n) [r (n ¡ l ) ¡ a(n)as(n)

PN l p((n ¡ l )Ts ¡ ¿(n))] + e(n); (28)

wherer L is de¯ned by f r (n ¡ 1); r (n ¡ 2); ¢¢¢; r (n ¡ L )g
and e(n) is assumedto be zero-meanwhite Gaussian
with covariance R e(n). a(n) and as(n) are assumedto
be constant over LTs seconds.

Due to the nonlinear measurement function h(¢), a
closedform solution for the recursive Bayesianstate es-
timator cannot beobtained. The most widely usedsub-
optimal solutions include the EKF, and GaussianSum
Filter (GSF) [10]. In this paper, the EKF is employed
since the delay estimation error nominally falls in the
range of 10¡ 3Tc to 10¡ 6Tc for the GPS code track-
ing application. Therefore the ¯rst-order linearization
approximation for the delay estimate may be well jus-
ti¯ed.

In order to formulate the EKF update equations,the
correlation matrix for the white measurement process
e(n) must be estimated. A moving-averageestimate of
the residual correlation matrix given by [11] is usedas
follows.

R̂ (n) =
1

NR

n ¡ 1X

l = n ¡ N R

£
r (l ) ¡ h(x̂ (l jl ¡ 1); r L )

¤
[]H :

(29)
It is noteworthy that R̂ ¡ 1(n) actually nulls the

jammers spatially since, if the jammer power domi-
nates the background noisepower, R̂ ¡ 1(n) approaches

1
¾2

n
(I ¡ A (A H A )¡ 1A H ), which is a linear projector to

the left nullspaceof A . Therefore, the broadband jam-
mers, which cannot be whitened temporally, are re-
jected spatially at this stage.

V. Sim ulation Results

The performanceof the proposedalgorithm waseval-
uated by simulation. The useof a four-element square
antenna array with spacingof half a wavelength is con-
sidered. Both narrowband and wideband jamming sig-

nals are considered. Three narrowband jamming sig-
nals are assumedto be (swept) tones de¯ned by

j k (n) =
p

Jk exp(j 2¼(¢ f k + _¢ f k nTs)nTs);

k = 1; ¢¢¢; 3;
(30)

where 2 _¢ f k is the sweep rate. ¢ f 1 = ¢ f 2 = 0,
¢ f 3 = 1:023 MHz and _¢ f 1 = 0, _¢ f 2 = _¢ f 3 = 2 GHz
are used in the simulations. Two wideband jamming
signals j k (n) for k = 4; 5 are assumedto be zero-mean
white Gaussian. The SNR (4) is assumedto be ¡ 12
dB and a J=S ratio of 60 dB is used. The direction
of the desired GPS signal is 85± in azimuth and 27±

in elevation. The three narrowband jammers are as-
sumed to be from 288±, 216± and 120±, and the two
wideband jammers are assumedto be from 240± and
5± in azimuth. The elevation of the jammers is 80±.

For the operation of the EKF, the AR model pa-
rameters must be determined. f a = 0:9946 and ¾2

a =
0:0034123are used,corresponding to a fading channel
characterizedby f d = 5 kHz and K 0 = 15 dB. The tim-
ing jitter is modeled by f ¿ = 0:9999 and ¾2

¿ = 10¡ 12.
Similarly, f as = f Á = 0:9999and ¾2

as
= ¾2

Á = 10¡ 3 are
chosenfor the simulation.

In Fig. 1 is depicted the RMS jitter of the proposed
algorithm averagedover 100 simulation runs under no
jamming. Also plotted is the performanceof the simple
DLL for comparison. The update equation for the DLL
is given by

¿̂(nN ) = ¿̂((n ¡ 1)N ) + ¹T c

µ
jye(n)j ¡ jyl (n)j

jyp(n)j

¶
; (31)

where ye(n), yp(n) and yl (n) are the half-chip early,
prompt, and half-chip late correlator outputs, respec-
tiv ely. ¹ and the correlator length N are design pa-
rameters that determine the transient time and the jit-
ter performance. In the simulation they are chosen
to be ¹ = 0:1 and N = 4096 samples. It is clear that
the EKF-based algorithm exhibits lesspull-in time and
RMS jitter. Note that the EKF is also estimating as,
while the DLL assumesthe steering vector as to be
known a priori. The steering vector estimated by the
EKF is shown in Fig. 2 at di®erent iterations by plot-
ting a(µ; 27±)H âs(n), 0± · µ < 360±, where a(µ; Á) is
the steeringvector for the four-element planar array at
azimuth µ and elevation Á.

Fig. 3 shows the performance of the EKF-based
tracking algorithm under mixed jamming. In the ¯g-
ure, it is clear that the temporal whitening with L = 6
is very e®ective in mitigating the jamming signal, com-
pared to the casewhere L = 0, i.e., where the tempo-
ral whitening is turned o®. Although not depicted in
the ¯gure, the RMS jitter for the single antenna case
without temporal whitening was observed to quickly
increasewithin a few iterations.



Fig. 4 shows the abilit y of the proposed algo-
rithm to null the wideband jammers by plotting
a(µ; 80±)H R̂ ¡ 1as(n) for 0± · µ < 360±. It is observed
that deepnulls are placed in the direction of the jam-
mers, including those of the wideband jammers, which
have not beenattenuated by temporal whitening.
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Fig. 1. RMS tracking jitter with no jamming
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Fig. 2. Steering vector estimates for the desired signal from 85±
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Fig. 3. RMS jitter under three narrowband and two wideband
jammers
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